By explicit calculations of four-field couplings, we observe that the higher derivative corrections to the DBI action in flat space-time, can be either in a covariant form or in a T-duality invariant form. The two forms are related by a non-covariant field redefinition. Using this observation, we then propose a non-covariant but T-duality invariant action which includes all orders of massless fields and has two extra derivatives with respect to the DBI action.
Introduction
The effective action of a D p -brane in bosonic string theory includes various world-volume couplings of open string tachyon, transverse scalar fields, gauge field, closed string tachyon, graviton, dilaton and B-field. Because of the tachyons, the bosonic string theory and its D p -branes are all unstable. Assuming the tachyons are frozen at the top of their corresponding tachyon potentials, the effective action at the leading order of α ′ in flat spacetime is then given by Dirac-Born-Infeld (DBI) action [1, 2] 
where G ab is pull-back of the bulk flat metric onto the world-volume 2 , i.e.,
where in the second line the pull-back is in static gauge 3 , i.e., X i = χ i and X a = σ a . The DBI action (1) is covariant under the general coordinate transformations and is invariant under T-duality 4 . With our normalization for the gauge field, the DBI action is at the leading order of α ′ . The first correction to this action is at order α ′ in which we are interested in this paper. The α ′ corrections to Born-Infeld action which includes only gauge field, have been studied in [3, 4, 5, 6, 7, 8] . Using the proposed connection between relativistic hydrodynamics and open string effective action [9, 10] , the α ′ corrections to the DBI action may be used for studying higher-derivative corrections in relativistic hydrodynamics.
At zero gauge field level, the general covariance requires the world-volume couplings at any order of α ′ consist of various contractions of the second fundamental form Ω ab µ = D a ∂X µ ∂σ b and its covariant derivatives. By studying the disk-level S-matrix element of two graviton vertex operators at low energy, such couplings at order α ′ have been found in [11] to be
where R = G µν G αβ R µανβ and G µν is the first fundamental form, i.e.,
which is a projection operator, i.e., η να G µν G αβ = G µβ . It projects space-time tensors to the world-volume space. The tensor ⊥ µν in (3) is a projection operator, i.e., η να ⊥ µν ⊥ αβ = ⊥ µβ , which projects space-time tensors to the transverse space. This projection operator can be written in terms of the first fundamental form as
In flat spacetime and in the static gauge, the transverse component of the second fundamental form in (3) is
and its world-volume component Ω ab c is zero.
The covariant action (3) includes all orders of the transverse scalar fields. Its two-scalar couplings do not change the scalar propagator as expected from S-matrix elements. We have also checked that its four-scalar couplings are consistent with the disk-level S-matrix element of four gauge bosons in the bosonic string theory which calculated several years ago [19] (see Appendix).
In this paper, we are interested in including the gauge field A a into the action (3). To this end, one may consider all gauge invariant couplings with unknown coefficients and impose the consistency of the couplings with the corresponding S-matrix elements to constrain the coefficients. There are further constraints if one requires the couplings to be covariant under the general coordinate transformations and/or to be invariant under T-duality transformations. We shall show that unlike the DBI action (1), the higher covariant derivative corrections to this action is not invariant under T-duality. As a result, we have to constraint the higher derivative couplings to be consistent with the S-matrix elements and to be either covariant under the general coordinate transformations or to be invariant under the T-duality transformations. In the latter case, we propose a T-duality invariant action which includes all orders of the gauge field.
An outline of the paper is as follows: In the next section, using the consistency of the couplings in flat spacetime with the general coordinate transformations and with the S-matrix element of four gauge bosons, we construct a particular four-field couplings at order α ′ . We then show that the couplings are not consistent with the T-duality transformations. To construct a T-duality invariant action, in section 3, we propose a non-covariant extension for the pull-back metric which is invariant under T-duality when the metric is not along the killing direction. Moreover, we introduce new tensors which are the transformations of the above object under the T-duality when it is along the killing direction. Using these non-covariant objects, we then construct a T-duality invariant action at order α ′ which includes all orders of the gauge field and is consistent with the S-matrix element of four gauge bosons. In section 4, we discuss our results.
Covariant action
In this section we are going to find four-field couplings at order α ′ which are consistent with the S-matrix elements and are covariant under the general coordinate transformation. The latter condition requires the couplings to be constructed from the gauge field strength F ab , its covariant derivative, i.e.,
and the second fundamental form Ω ab i .
The couplings of two transverse scalars and two gauge fields may have structure F F ΩΩ or DF DF . We extend the square root in (3) to the DBI action, i.e.,
Upon expand the square root, one finds a particular set of couplings with structure F F ΩΩ. However, we have checked that they are not consistent with corresponding S-matrix element, i.e., they are not consistent with (38). As a result, the couplings may have other terms with structure F F ΩΩ and/or couplings with structure DF DF . The latter couplings, however, should not change the propagator of gauge fields. So they must be total derivative at two-field level, i.e.,
where the world-volume indices are raised by G ab and α is a constant. There are also 6 new couplings with structure F F ΩΩ. The consistency with the S-matrix element, i.e., (38), can not uniquely fix the coefficients of these couplings. For example, if we do not consider the new couplings with structures F F ΩΩ, then the S-matrix fixes α = 1.
To study four gauge field couplings at order α ′ , one may consider all couplings with structure F F DF DF with unknown coefficients and constrains the coefficients by comparing them with the corresponding S-matrix element, i.e., comparing with (36). There are 18 such couplings and the comparison with (36) produces only three constraints. So three couplings are fixed and all others have unconstrained coefficients. One particular choice for the coefficients are
The above couplings have been found in [5] by other means.
We have seen that there are many covariant couplings in (9) and (10) which are not fixed by the S-matrix element of four gauge bosons at order α ′ . Moreover, it is difficult to continue the above construction to find six-field couplings and higher orders. So one may use other consistency condition to fix the unknown coefficients at four-field level and possibly for higher orders. We are going to impose the constraint that like the DBI action (1), all higher derivative couplings to be invariant under the T-duality. However, the T-duality constraint is not consistent with the general covariance constraint when the higher derivative terms are included into the D-brane action. To see this point, we note that under T-duality F ab transforms to ∂ a χ i when the gauge field is along the killing direction. On the other hand, while F ab appears at various places in (10) , the velocity ∂ a χ i appears only in the definition of the covariant derivative (7) and in the pull-back metric (2) . In fact, we have considered all possible covariant couplings with unknown coefficients and constrained them to satisfy the T-duality invariance of the corresponding action. This produces a set of constraints which are not consistent with the constraints from the Smatrix elements. Therefore, the D-brane effective action at order O(α ′ ) which is consistent with the S-matrix elements and is invariant under T-duality may not be covariant under general coordinate transformations. In the next section we study the effective action which is invariant under T-duality transformation.
T-duality invariant action
The low energy expansion of an arbitrary S-matrix element can be separated into two parts. One part includes massless poles and the other part includes contact terms, i.e.,
The D-brane effective action must reproduce the contract terms in A contact in the momentum space. On the other hand, it is known that the S-matrix element of an arbitrary number of gauge or transverse scalar vertex operators must satisfy the Ward identity corresponding to the T-duality [15, 16] . Since the T-duality is a global duality, A pole and A contact each must satisfy the Ward identity. In other words, the effective action must satisfy the linear T-duality after imposing the on-shell relations. Since the T-duality transformations on gauge and the scalar fields are linear, i.e., A y ↔ χ y , the effective action must be consistent with an action which is invariant under the T-duality transformations. As we have observed in the previous section, the effective action, however, may not be in a covariant form under the general coordinate transformations.
Therefore, one should consider the non-covariant form for the couplings, i.e.,
where dots represent higher order terms and the terms containing ∂χ, ∂∂χ. The indices are contracted with flat metric 5 . Each term has many different contractions. One should contribute an unknown constant for the coefficient of each contraction. One should then impose the condition that the action must be invariant under the T-duality. This constrains the coefficients. The resulting T-dual action must be also consistent with the S-matrix elements. This produces some further constraints on the coefficients.
Imposing the above two conditions, in principle, one can find four-field couplings, six-field couplings and so on. Since the T-duality is linear, there is no relation between these sets of T-dual couplings, e.g., the T-duality produces no relation between four-field couplings and sixfield couplings. To find a relation between the above T-dual sets, we use an extra condition that the couplings should be consistent with all orders of scalar couplings in (3). To implement this latter condition, we propose to add appropriate gauge field into the pull-back metric and into the projection operator ⊥ µν to make the couplings in (3) to be consistent with the T-duality. We begin by considering an extension for the pull-back metric to be consistent with T-duality.
When derivative of the gauge field strength are zero, the T-duality may fix the presence of F ab in the inverse of the pull-back of the flat metric by extending it to the following expression:
which is a symmetric matrix. To show that the above replacement is consistent with T-duality, suppose the D-brane is along the circle on which the T-duality is imposed. When a, b are not the killing index, i.e., a =ã, b =b, using the prescription given in [18] , one can verify that Gãb is invariant under T-duality. To the second order, it is
We have checked it with the Mathematica to the tenth order and found that Gãb is invariant.
Inverse of the new metric (14) is
5 One may also consider terms which contain the second derivative of gauge field strength and the third derivative of scalar fields, i.e.,
However, such terms convert to the couplings in (12) by integration by part. So in the action we do not consider such couplings.
which is not the pull-back of the flat metric in the static gauge, so the extension (14) does not have geometrical interpretation. As a result, an action which uses this matrix is not in a covariant form anymore. The matrix (14) defines a new form with space-time indices, i.e.,
We will find that all components of this form, i.e., G ab , G ai and G ij appear in the T-duality invariant action at order α ′ . Note that G µν is not projection operator, so it is not a first fundamental form. This matrix has even number of gauge field strength.
When one or both indices of G ab are the killing index, it turns out that it transforms to the following expressions under T-duality:
Note that the y index on the left hand side is a world-volume index whereas on the right hand side it is a transverse index. The new matrix ⊥ ij = η ij − G ij and matrix Θ ai is the following:
We have checked the T-duality transformations (18) to the tenth order and found agreement. The presence of Θ ai indicates that in a T-duality invariant theory there must be another tensor as
where the new antisymmetric matrix Θ ab is
Note that G ab − Θ ab is the inverse of the operator inside the square root in the DBI action (1),
i.e.,
We will find that all components of (20), i.e., Θ ab , Θ ai and Θ ij appear in the effective action at order α ′ . Note that Θ µν is not a projection operator. It has odd number of gauge field strength.
We have also found that Θ ab when a, b are not the killing index, is invariant under T-duality and found the following T-duality transformations: Therefore, in a manifestly T-duality invariant action there may be the matrices G µν , Θ µν and ⊥ ij which form a T-dual multiplet. Moreover, the action at order α ′ must include ∂∂χ and ∂F which form another multiplet. We are going to extend the scalar couplings in (3) to include the gauge field. This condition constrains the six indices of (∂∂χ)
2 , ∂∂χ∂F and (∂F ) 2 to be contracted with six indices of GGG, GG⊥, GGΘ and so on. Taking the symmetries of these tensors, there are 41 different contractions.
Using the Mathematica package "xAct" [22] , one can write all above contractions as
where c 1 , · · · , c 41 are unknown coefficients,
and the contraction of indices in (23) are with the flat metric. Each term has even number of gauge field which is required by the invariance of the couplings under the parity. When expanding the matrices G µν , Θ µν and ⊥ ij around the flat metric, one finds a particular form for the series (12) which has only 41 unknown coefficients. The action which must be invariant under T-duality is
where L p is given in (23) . Some of the couplings in (25) are total derivative terms that must be ignored and some other couplings are related to each other by the Bianchi identity. After constraining (25) to satisfy the T-duality condition, we will remove the total derivative terms and impose the Bianchi identity to remove the couplings which are related by the Bianchi identity.
To constraint the couplings (25) to be consistent with the T-duality, following [18] , we reduce the 10-dimensional space-time to the 9-dimensional space-time. It reduces (25) to two different actions S w p and S t p . In S w p , the killing direction y is a world-volume direction, i.e., a = (ã, y) and in S t p the killing direction is a transverse direction, i = (ĩ, y). The transformation of S w p under the T-duality which is called S wT p−1 , may be equal to S t p−1 up to some total derivative terms which must be ignored in the action, i.e.,
This constrains the unknown coefficients in the Lagrangian (23) . Note that if one does not ignore the total derivative terms, then one would find some constraints which make the total derivative terms in the D-brane action to be T-duality invariant.
To impose the above constraint, one may expand the Lagrangian (23) around the flat metric. It is easy to verify that each term in (23) has contribution at the sixth order. So the T-duality rule (26) at order six, constrains all 41 coefficients. We expect there would be no further constraint at the eighth order and higher, because the higher order terms are resulted from expanding the matrices G µν , Θ µν and ⊥ ij which are already shown to be connected under Tduality transformation to all orders.
We have expanded the Lagrangian (23) to the sixth order and imposed the T-duality constraint (26). We have found the following 23 relations between the constants: 
After inserting the above relations on the coefficients in (23), one finds 18 T-dual multiplets. However, not all the coefficients of these multiplets are independent.
We have to impose on these 18 multiplets the condition that the couplings must be consistent with the scalar couplings in (3). This gives the following 5 constraints:
We have to also impose the condition that the couplings must be consistent with the S-matrix element of four gauge bosons at low energy. We have already shown that the four-scalar couplings in (3) are consistent with the corresponding terms in the S-matrix element, i.e., (37). So the above constraints include the consistency of the couplings with the S-matrix element of four scalars. The consistency of the couplings of four gauge fields with the corresponding terms in the string theory S-matrix element, i.e., (36), produces the following constraint:
To find the above relation, we simply transformed the couplings to the momentum space and impose the on-shell relations and them compare them with the on-shell couplings in (36). With the above constraint, the couplings are also consistent with the S-matrix element of two gauge fields and two scalars.
So there are 13 T-dual multiplets in the action which are consistent with (3) and with the S-matrix element of four gauge bosons. There are 12 unknown coefficients in these 13 multiplets. These 12 coefficients are not independent yet. We now remove the couplings which are total derivatives and impose the Bianchi identity in the action. Writing the gauge field strength in ∂ a F bc in terms of gauge field, i.e., ∂ a ∂ b A c − ∂ a ∂ c A b , one finds the constants c 1 , c 2 ,c 3 ,c 4 , c 8 ,c 10 ,c 20 ,c 30 ,c 31 ,c 35 do not appear in the action. That means the T-dual multiplets with these coefficients are zero by using the Bianchi identity. So it is safe to set all these 10 coefficients to zero. There are only two unknown coefficients c 11 and c 13 which appear in the following terms:
The c 11 -terms are zero when gauge field is zero, whereas, the c 13 -terms are zero when the scalar field is zero. We have expanded them to the sixth order and found that they are total derivative terms. So c 11 and c 13 can also be set to zero.
The final result which is invariant under T-duality, is consistent with the S-matrix element of four gauge bosons and reduces to (3) when gauge field is zero, is the following action:
When the transverse scalar fields are zero, only the terms in the second line are survived. They are consistent with the couplings found in [7, 8] . The last terms is exactly the one in [8] , the sign of the first term is different because the sign of Ω 2 in [8] is different from the one in (3). The second term which is zero upon using the first order equation of motion, has not been considered in [8] .
Discussion
In this paper, we have proposed an action to all orders of gauge field and transverse scalars which is invariant under T-duality, is consistent with all orders of scalar couplings known in the literature and is consistent with the S-matrix element of four gauge bosons. The action, however, is not covariant under the general coordinate transformations. On the other hand, if one imposes the condition that the action should be invariant under the general coordinate transformations and is consistent with the S-matrix elements, there are many unknown coefficients in the action even at the four field level. The general covariance and the S-matrix element constraints can not fix the coefficients of the couplings.
Since the T-duality transformations on the gauge field and on the transverse scalars are linear, the T-dual Ward identity of S-matrix elements indicates that the contact terms of the Smatrix elements of an arbitrary number of gauge bosons must satisfy on-shell T-duality relations. That means the couplings must be consistent with an action which is invariant under the Tduality transformation. On the other hand, the contact terms of the S-matrix elements must reproduce all orders of the scalar couplings in (3) . That means the consistency of the couplings with all S-matrix elements indicates that the effective action may be invariant under the Tduality and at the same time be consistent with all scalar couplings in (3). If these constraint could not fix the coefficients of all couplings then one must impose other constraint, i.e., the consistency with the S-matrix element of gauge fields. Since the action (31) is consistent with Tduality, is consistent with all scalar couplings in (3) and has no unknown coefficients, we expect this action to be the effective action at order α ′ which includes all orders of gauge field. In other words, we expect this action to produce contact terms of all S-matrix elements. However, the field redefinition can change the form of action to many other forms. For example, a non-covariant field redefinition may change the form of action to covariant form. So we expect the action (31) to be unique up to field redefinitions.
We have found the result (31) by imposing the T-duality constraint (26) on the action, i.e., ignoring the T-duality constraint on total derivative terms. One may impose the T-duality constraint on the Lagrangian, i.e., L . However, this action is not in covariant form, so its extension to arbitrary metric g ab is not simply to replace η → g and to change ordinary derivatives to covariant derivatives.
To include the gravity into (31), one may first expand the action around flat metric and use appropriate field redefinitions to rewrite the couplings in a covariant form, e.g., the couplings in section 2 for two and four gauge fields. Then one may extend the flat space metric into arbitrary metric by extending P [η] −→ P [g] and extending the covariant derivatives (6) and (7) to include the derivatives of the metric. It would be interesting to find such covariant form for the action and see if there is a compact expression for the couplings which includes all gauge and scalar fields. The replacement F → F + P [B] in such covariant expression, then would produce many couplings between gravity and B-field.
The couplings between gravity and B-field should also appear through the scalar curvature [19, 17] . It has been observed in [17] that the contact terms of the S-matrix element of two graviton vertex operators in the presence of constant background B-field can be reproduced by the Riemann curvature contracted with G ab and Θ ab . However, the metric in one of this matrices is flat metric. So the proposed couplings in [17] includes all B-field but are not covariant as in the couplings in (31). We expect, in order to find the couplings in covariant form, one should expand the non-covariant form of the couplings found in [17] in a series in terms of B-field, and then look for a covariant action which reproduces the series. The result should include the covariant form of the couplings (31) in which F → B, as well as a series involving the couplings between B-field and the Riemann curvature.
The couplings between gravity and the transverse scalar fields at order α ′ is given in (3) . In this paper, we have extend the transverse scalar couplings to include the gauge field strength by making the couplings in flat space-time to be consistent with T-duality. The consistency of the gravity part, for the special case of χ i = 0, under linear T-duality has been used in [20] to find the dilaton and the couplings involving H = dB. It would be interesting to study the consistency of the action (3) which includes all scalar and gravity couplings at order α ′ under full nonlinear T-duality. The T-dual theory should then include all couplings of massless open and closed string fields at order α ′ .
We have seen that the couplings in (31) are consistent with the S-matrix element of four gauge bosons in flat spacetime. To verify that this action is consistent with the higher order S-matrix elements, one may consider the S-matrix element of four gauge bosons in the presence of background constant B-field. The replacement F → F + P [B] can produce such couplings in field theory. The disk-level S-matrix element of four gauge bosons with mixed boundary condition in string theory, however, produce the couplings of non-commutative gauge fields [23, 24] . So to produce such couplings from field theory (31), one should also use SW map [23] to transform the ordinary gauge fields in (31) to the non-commutative variables, and then compare them with the corresponding S-matrix element in string theory. We leave the details of such calculation to the future works.
The leading higher derivative corrections to the DBI action in the superstring theory is at order α ′2 . All transverse scalars corrections at order α ′2 have been found in [21] . It would be interesting to apply the T-duality method used in section 3 to find the corrections which include all transverse scalars and gauge fields at order α ′2 .
The total amplitude includes all non-cyclic permutation of the external states, i.e., 
It is clear now that the superstring kinematic factor K in K ′ has no contribution at six momenta in the total amplitude. It has contribution at four, eight, and higher momenta. The four momenta terms are reproduced by the DBI action (1) which are proportional to π 2 , and its eight momenta terms are reproduced by Ω 4 terms [21] which are proportional to π 4 .
The α ′ -expansion of the tachyon pole in K ′ , produces the following on-shell couplings at six momenta which are proportional to π 2 : 
The couplings for the transverse scalars can be found from the above couplings by using the condition that the scalar polarization is in transvers space, i.e., ζ i ·k j = 0. So the couplings for four scalars is A 6k (χ 4 ) ∼ −stu(ζ 1 ·ζ 2 ζ 3 ·ζ 4 + ζ 1 ·ζ 3 ζ 2 ·ζ 4 + ζ 1 ·ζ 4 ζ 2 ·ζ 3 )
The couplings for two gauge fields with polarizations ζ 1 , ζ 2 and two scalars with polarizations ζ 3 , ζ 4 is A 6k (A 2 χ 2 ) ∼ −tu(ζ 1 ·k 2 ζ 2 ·k 1 ζ 3 ·ζ 4 ) − stuζ 1 ·ζ 2 ζ 3 ·ζ 4
We compared the couplings (37) with four scalar couplings in (3) and find exact agreement. This fixes the normalization of the scatting amplitude (32). We compared the couplings (38) with two scalar and two gauge fields in (3) and (9) and found the unknown coeffient in (9) to be α = 1. The α ′ -expansion of the tachyon pole in K ′ , produces also terms with eight, ten and higher momenta. All are proportional to π 2 . The terms with eight momenta may be reproduced by DΩDΩ and its T-dual completion. Such terms are absent in the superstring theory.
